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Abstract. Given any K > 0, we construct two equivalent flows, one of 
which has positive topological entropy larger than K and admits zero as the 
exponential growth of periodic orbits, in contrast, the other has zero topo- 
logical entropy and super-exponential growth of periodic orbits. Moreover we 
establish a C°° flow on with super-exponential growth of periodic orbits, 
which is also equivalent to another flow with zero exponential growth of pe- 
riodic orbits. On the other hand, any two dimensional flow has only zero 
topological entropy. 



1. Introduction 

It is a major goal in the theory of dynamical systems to determine the mecha- 
nisms which create deterministic chaos. One key ingredient causing chaotic behav- 
ior is the positivity of entropy, and the larger the entropy is, the more complicated 
the dynamics. It is of interesting to calculate the entropy for particular maps under 
study, but any of the standard definitions of entropy makes this a difficult task. A 
classical way for proving that a map / has positive topological entropy is to show 
that the number of periodic orbits of period n for / grows exponentially fast when 
n — >■ oo. This motivation came from many analysis and summary on dynamical 
structures. In his prize essay [33], H. Poincarc was the first to imagine around 
1890 the existence of transverse homoclinic intersections, that later was proved to 
be the limit of infinitely many periodic points by G. D. Birkhoff [5]- In 1965, S. 
Smale introduced a general geometrical model: Horseshoe contains all the compli- 
cated phenomena discovered by Poincare and Birkhoff, and can also be described by 
symbolic coding. Indeed, homoclinic intersections give birth to very rich dynamics: 
positive topological entropy and infinity periodic points. Actually, the coexistence 
of the positive entropy and the positive exponential growth of periodic points has 
been established for open dense systems [34l[7l[T5]. So, in most situations, "positive 
topological entropy" is synonymous of " many periodic orbits " . 

Let M be a compact Riemannian manifold without boundary. Denote by Diff (M) 
the set of C" diffeomorphisms of AI and, by X^{M) the set of C" vector fields on 
M, both endowed with the C topology, respectively. 
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For / <S Diff''(A/), denote the set of isolated periodic points of period n (i.e. the 
isolated fixed points of /" ) by 

Pnif) = { isolated xeM \ /"(a;) = x}, 

and define the exponential growth rate of periodic points by 

i;P(/)=limsupilogttP„(/), 

where JJA is the cardinal number of a set A. In 1978, Bowen [TT] asked the following 
question: 

Question 1.1. Is the property that 

EP 

generic with respect to the C" topology? 

For Axiom A systems [51 [HI HH] one in fact has 

EP = h. 

Beyond imiform hyperbolicity, Katok [2B] stated that, if / is a C^'^" diffeomorphism 
of a compact surface S with positive topological entropy, then EP{f) > h{f). For 
any hyperbolic ergodic measure the authors and Tian [22] established the equality 
between metric entropy and the exponential growth rate of those periodic measures 
approximating ^. Exactly in broad situations, due to the absence of uniform hy- 
perbolicity, the periodic orbits can grow much faster than entropy. Linking with a 
conjecture of Palis [35j, we mention two well known obstructions for the hyperbol- 
icity: homoclinic tangencies [29] and hcterodimensional cycles [I]. In [24] Kaloshin 
showed super-exponential growth of periodic orbits for a residual subset in some 
C-domain (r > 2) with persistent homoclinic tangencies. In |S] Bonatti, Diaz and 
Fisher proved super-exponential growth of periodic points for homoclinic classes 
with persistent hcterodimensional cycles. 

In the content of density, in 1965 Artin and Mazur [4] proved that: there exists 
a dense set V of C maps such that for any map / G I?, the number ttPn(/) grows 
at most exponentially with n (see also |25j for an extension concerning hyperbolic 
periodic points). For a vector field X, use (j>x to write the flow induced by X. Set 

Pt{4'x) — { isolated orh{4)x,x) \ (j)x{x,Q) ~ (f>x(x,s) for some < s < t} 

and define the exponential growth rate of periodic orbits by 

EP{c^x ) = Urn sup i log PMx)- 

t— y-l-oo t 

Artin and Mazur [3] asked the following question for vector fields: 

Question 1.2. Does the property that EP{(j)x) < oo hold for a dense subset of 

As we know, this question is far from being resolved, because the approaches 
concerning diffeomorphisms don't apply directly to fiows. To continue the story of 
periodic orbits for dense systems we are in a position to understand more on the 
growth of periodic orbits of fiows. 
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Two flows 0, "0 defined on a smooth manifold M are equivalent if there exists 
a homeomorphism tt of M that sends each orbit of onto an orbit of ip while 
preserving the time orientation : 

t e R} = {7r"V(7r(a;),t) I < £ R}, V.t e A/. 

Going back to the study of Lorcnz attractors [501 HI] the kneading sequences were 
introduced to be invariants for equivalence. In general cases, it is not easy to find 
quantities preserved by equivalence. Topological entropy of a flow 4> indicates, as 
usual, that for its time one map 4>i, that is, h{4>) = h{4>i). Topological entropy 
is an invariant for equivalent homeomorphisms (Theorem 7.2 in j46j ) . while finite 
non-zero topological entropy for a flow cannot be an invariant because its value is 
affected by time reparameterization. For equivalent flows without fixed points the 
extreme value and infinite entropy are invariant, while the sign of finite non-zero 
entropy are preserved (see [31], [35], [42], [43]). In equivalent flows with fixed points 
there exists a counterexample, constructed by Ohno |31| . showing that neither nor 
oo topological entropy is preserved by equivalence. The two flows constructed in [31] 
are suspensions of a transitive subshift and thus are not differentiable. Note that 
a differentiable flow on a compact manifold cannot have oo entropy (see Theorem 
7.15 in Hg). Ohno [3T] in 1980 asked the following: 

Question 1.3. Is topological entropy an invariant for equivalent differentiable 
flows? 

In [35], Sun, Young and Zhou constructed two equivalent C°° flows with a sin- 
gularity, one of which has positive topological entropy while the other has zero 
topological entropy. This gives a negative answer to Ohno's question. 

Likewise as entropy, EP = or EP = oo is invariant for equivalent homeomor- 
phisms and also for equivalent flows without fixed points, see [311 135] . For topo- 
logical fiows with fixed points, neither extreme growth rate, EP = nor EP = oo 
is preserved for equivalence [40]. Moreover, there exists a pair of equivalent topo- 
logical flows with fixed points such that one of which has oo topological entropy 
and growth rate of periodic orbits but the other has topological entropy and oo 
growth rate of periodic orbits [41] . 

In the present paper we are going to study in the world of smoothness and 
consider the following question: 

Question 1.4. Is or oo value of EP invariant for equivalent differentiable flows? 

There are fruitful dynamical properties varying in the differentiability, for in- 
stance, symbolic extension which is exactly a suitable candidate to "measure" the 
dependence of entropy structure on the smoothness of underlying systems. Here 
we call a system {M, f) has a symbolic extension if there is a subshift (Y, g) over 
finite alphabets and a continuous surjcction tt : y — > M such that f o n = n o g. 

Y ^ Y 

'^i 

M M 

A symbolic extension (y, 51,77) for which hi^{g) = h^{f) for every g- invariant mea- 
sure V with TT^,v = n \s viewed as a good model and is called a principal symbolic 
extension. In the context of C°° , Newhouse [30] showed upper semi-continuity of 
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metric entropy and Buzzi jl4| further established asymptotical entropy expansive- 
ness which, together with a criterion of Boyle, D. Fiebig and U. Fiebig [12| : if 
/ is asymptotically entropy expansive, then / has a principal symbolic extension, 
implies all C°° maps admit a principal symbolic extension. In |17| Downarowicz 
and Newhouse constructed a Gs set of arca-prcscrving diffeomorphisms in which 
everyone has no symbolic extension. They described the entropy structure of 
differentiability by following: 

Conjecture 1. Every map has a symbolic extension. 

This conjecture has been proven by Downarowicz-Maass |16| for interval maps 
and by Burguet [13] for surface maps. Altogether, we have the following intuitions 
to reveal various differentiability: 

differentiability < — > generically no symbolic extension 
differentiability < — > symbolic extension ( generically not principal) 
C°° differentiability i — > principal symbolic extension. 

We call a flow <j> has a ( principal ) symbolic extension if its time one map (f>{l, •) 
has a ( principal ) symbolic extension. As we have stated, every C°° system has 
a principal symbolic extension. It is well known that symbolic systems with finite 
alphabets have finite EP. Our first theorem says that the finiteness of EP can't be 
inherited from its principal symbolic extension although the under system agrees 
the same entropy with the upper symbolic extension. This means that entropy is 
not enough to exhaust the difference of complexity even if in the category of C°°. 
Furthermore, we are going to show that the extreme growth rate of periodic orbits 
can't be preserved for orbit equivalent C°° fiows. 

Theorem A. There exist two equivalent C°° flows ip and (p on the sphere §^ 
satisfying: 

EP{tp) = 0, EP{(p) = oo. 

Remark 1.5. Recall that L. S. Young |45j has proven zero entropy for all surface 
fiows. However, much different from entropy Theorem |^ exhibits the existence of 
two dimensional flows with super-exponential growth of periodic orbits. 

Remark 1.6. From our construction the statement of Theorem|A]can hold for any 
manifold of dimension > 2 if a suitable embedding is taken. Here we only emphasis 
on the existence and thus omit details for general discussions. 

Next we return to the relationship of EP and h for equivalent flows. As men- 
tioned at beginning for almost ( open dense ) systems positive entropy enjoys the 
company of positive EP. In the next theorem we are close to be tightrope walkers 
since our examples are excluded by those open dense sets. We start by suppos- 
ing that / : M — M is a C°° diffeomorphism of a smooth compact Riemannian 
manifold M with dimM — m > A with the following properties: (1) / has posi- 
tive topological entropy and (2) / is minimal in the sense that all forward orbits 
are dense in M (or equivalently closed invariant sets are either empty or the en- 
tire space). An example of such an / was constructed by Herman [23]. Using the 
constant function /:!/—> R, I{x) — 1, one gets a suspension manifold and a 
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smooth vector field X associated with this flow. Since M is of dimension > 4, we 
know that dim 17 > 5. 

Theorem B. Given K > 0, there exist two equivalent flows i/j and on fl 
satisfying the following: 

(!) h{^) > K and EP{^) = 0; 

(2) /i(V^) = and EP(4)) = oo. 

2. Two DIMENSIONAL EQUIVALENT FLOWS: PROOF OF THEOREM [Al 

Throughout this section, we use D to denote the two-dimensional unit disk 

{x = {xi,X2) eR^ \xl+xl< 1}. 

In order to obtain Theoreml^ we proceed the main stategery of the proof as follows: 
firstly we arrange many enough periodic orbits with the same period on D and then 
we change their periods on different orbits according to the applications of different 
equivalent flows. Precisely, take a strictly decreasing sequence {a;} with a; = i. 
For i > 2, let 

li = min{ai - a,;+i, a,_i - aj, 

bi,j = ai + ^1^, where - 2^' < j < 2^'. 
Deflne the strips centered at the circle r Oj by 



Denote 



Li ^ {x\ Oi-^-^ < X < ai + ^}. 



/o=0, /, =^22'+i+j, t>l. 



Rearrange the sequence {bi,j} U {1} by decreasing order, denoting 
bi = 1, b, = b,^j for Is^i + j, \j\ < 2^° . 

For the purpose to get periodic orbits supporting on r = 6^, we give a C° 
function ao on [0, 1]: 



ao{x) 

Consider a standard differential equation 



iorb^ <x<b^^„i>l, 
for a; = or bf, i > 1. 



Let x = r cos 9,y = r sin 9, then 



= -y + aa{x'^ + 
^ x + Q;o(a;2 + y^)y. 

de _ 1 

, dt ^■ 



For the sake of writing, denote the vector field Zo(a;, y) ~ {—y + ao{x^+y'^)x, x+ 
ao{x^ + y'^)y). We can see that (j)Zo has periodic orbits r — bi with the period 27r. 
To get different exponential growth rate of periodic orbits, next we will change the 
period for different i. 

(1) Constriction of a flow on D with EP — oo. 
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Take a C°° function /Ji : R ^ R such that 

I3i{x) = of for X £ Li. 

Consider the vector field Zi — /3i{r'^)ZQ, then the number of 27rn^-periodic orbits 
is 2^"+! + 1. Thus, 

EP{(j)z, ) = lim sup i log Pt {(j)z^ ) > lim sup log {2^"+^ + !)=(». 

(2) Construction of a flow on D with EP — 0. 
Take a C°° function /Sa : M R such that 

/32(x) = 2-2\ for x e Li. 

Consider the vector field Z2 = /32(f'^)^0i then the number of 27r2^ -periodic orbits 
is 22'+i + 1. Thus, 

EP{^z,) = limsup^log tJPt((/.zJ 

t->-|-CX3 I 



1 " 

limsup-— log(^22'+i + l) 



27r22 

2—1 



< limsup-^log n(22"+i + 1) 
= 0. 

Finally one can see that the two smooth flows (pz-^ and (j}z.2 from our constructions 
are in fact equivalent. 

Proof of Theorem [A] Let §2+ ^ {(xi, a;2, X3) G 2-3 > 0}, S^- ^ 

{(xi, 2:2, 2:3) e §^ I 2:3 < 0}. Define projection £i(a;i, X2, 2:3) ~ {xi,X2) and 
Q+ ~ Q Is2+, Q~ ^ Q |s2-. Next we embed the flows of D into §^ by the 
double cover g. 
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Then ip and if are equivalent flows on with the desired property: 

EP{tf) = 0, EP{f) = oo. 



□ 



3. High dimensional equivalent flows: proof of Theorem [B] 
3.1. Basic notions and technique lemmas on suspension flows. 

Before the construction, we need do some preliminaries. 

Let {M,B{M), fi) be a probability space and / be a /i-measurable map. 

Consider the space = M x [0, 1]/ ~, where ^ is the identification of (y, 1) with 
(/(y),0). The standard suspension of / is the flow (j) on f2 defined by 4>{y,s) = 
{y,t + s), ior < t + s < 1. A standard argument as in [27] shows that is a 
C°° smooth compact Riemannian manifold and (p is C°° provided / : i\/ — > Af is 
a C°° diffeomorphism on C°° smooth manifold M. If f : M ^ M is minimal as a 
homeomorphism, then is a minimal flow. 

Proposition 3.1 (Proposition 2.15 of ^^)- Let /i he an invariant ergodic measure 
of f on M. We define 



Definition 3.2. Suppose </> is a measurable flow on a Borcl probability space (Af , B{M), v) 
and f2 is divided into disjoint invariant measurable sets Fi and F2 such that 
n{Fi) = 1 and fJ.{F2) = 0. Further suppose that 9{t, x) is a real measurable function 
defined on (—00, +00) x (fi \ F2) = E x Fi with the following properties for every 
fixed X G Fi : 

(1) 9{t, x) is continuous and non-decreasing in t; 

(2) e{t + s,x) = d{s,x) +0{t,(j)s{x)) for aU t and s; 

(3) 0(0, x) = 0, limt_^+oo 0(i, x) = 00, limt_>_oo 0(t, x) = 00. 

Then 6 is called an additive function of n with carrier i^2- An additive function is 
said to be integrable if it is integrable in fl for every fixed t. 

For a non- negative, integrable function a(x), wc define 



Je 

Lemma 3.3. If (f> is a measurable flow on a Borel probability space (fi, S(r2), j/) 
and a{x) is a non-negative, integrable function satisfying 




Then we have 



hjiW - h,,{f). 





then the function 




is an integrable additive function. 
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For a proof see Theorem 3.1 in j44| . 

Definition 3.4. The function 9(t,x) in Lemma 13.31 is caUed the additive fmiction 
defined by a{x). 

Lemma 3.5. Let ^ be an invariant probability measure of f on E. Assume 9{t,x) 
is the additive function defined by a{x) with < Ef^{a) < oo. We define 

[ gdjl := / r^''\ix,t)dtdfi, yg e C'{n). 

Then /2 is an invariant measure of (j)t on fi. Further, fl is ergodic if ^ is ergodic. 

The proof is elementary and omitted. 

Lemma 3.6 (Lemma 2.4 of j39] ) . Suppose {M,f) is a minimal homeomorphism. 
Then for any e > 0, there exists L{e) > such that for any ergodic invariant 
measure fi, we have 

ti{BM{x,e))> 7^ >0, VxeM. 
L[e) 

Lemma 3.7 (Corollary 2.12 of [39)). Assume that (j)t is the standard suspension of 
a minimal homeomorphism (M, /) from above, X is the vector field that induces (j)t 
and a € C^(M, [0, 1]). Denote by (pax the flow induced by the vector field aX on 
fl. For any x G M , define ^{x) by: 

Kx{{x,Q),-i{x)) ^ 0„A-((a:,O),l) = (/(x),0), (x,0) ^ f-^p) and {x,Q)^p- 
7(x) = +00, (x, 0) = /~^(p) or (x, 0) = p . 

If Efj_('-f) = +00 for any non-atomic ergodic measure fi of f, then (paX has only 
atomic invariant Borel probability measures. 



3.2. Proof of Theorem El 

Step 1 Construction of a flow with zero entropy. 

Take po = [(a^Oi 0)] = 7r(xo, 0) where tt is the quotient map tt : Af x M 17. 
Without loss of generality, we can assume the existence of a coordinate chart 
{V , ^) of il satisfying the following: 

(i) There exists an open set V of VL, such that pq &V and V <ZV . 

(ii) ^(po) = 0,({V) B™+i(0, l),(iV) = S'"+i(0,2), where 2 < ?n ^ dimAf. 

(iii) There exists ii G N such that 

cl(^(BA/(xo,^^') X {0})) C V 

and 

^(7r(BM(a;o,ir^) X {0})) c TZ = {x = (xi, • • • ,Xm,Xm+i) : Xm+i = 0}, 

where cl(i^) denotes the closure of a subset F C fl. 

(iv) 3 12 S N such that 

Bn{po,^2')^V 

and 
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for any 12 < i G N. Under these assumptions, there exists 23 G N and 12 < is, with 
the property that for any i > there exists 1 ^ h^+i > such that 

cl{n{BM{xo,-^) X [-h,+^,0])) C Bn{p,-^). 

We set io := maxjii, 12, ^3}. For any i > iq, by Lemma 13. 6[ there exists L{i) 
such that for any ergodic measure r of /, we have 

r(i?M(/-'xo, i)) > <5W > 0. 

We define := 1 and := ■j^:fjS{io + i) for i > 1. We need the fohowing 
Lemma to construct satisfactory smooth vector fields. 

Lemma 3.8. For a given sequence of positive numbers 1 = /3o > /3i > /32 > ■ ■ ■ > 
I3i> ■■ ■ , there exists a C°° function w : B™+^(0, 2) [0, 1] such that 
(f ) w ^ if and only if x ^ 0; 

(2) \\w Wc < * = 0,1,2,- •• ; 

(3) W |b™+1(2)\B™ + 1(1)= 1- 

Proof. Without loss of generality, we assume that limi_>oo /?; = 0. Let 'i'{t) be the 
function: 

'e-T, 0<t<l, 
0, ~l<t<0. 



Let {Pi} be as above and suppose Ci is any decreasing sequence of positive numbers 
1 = c_i > Co > ci > • • • > Ci > • • • , with limi_).oo Cj = 0. For t < Cq, let g{t) be the 
function on [— l,co] defined by the series: 

00 

5(t)=^2-^-i/3,_iM'(i-c.). 

This series is monotone increasing in i and converges uniformly. It is zero on [— 1 , 0] 
and positive on (0, cq\. For any k and < i < Cfc we have 

Further, since the derivatives of the partial sums of this series converge uniformly, 
we may take the derivative of the sum and we have that: 

00 

g\t) = J2 2"'" - c,) < cx). 

i=l 

By induction, we may also conclude that 

OG 

=^2-»-ift_iVl'W(t-cO 
1=1 

converges uniformly and 

limg^'^m = 0. 

We can now clearly extend g{t) to the interval [0, 2] in such a way that g is C°° 
and g{t) = 1 for t E [1,2]. To finish the proof of the lemma, we set Ci — in 
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the above construction of g{t) and let wlx) = on i3'"+^(2). Because of the 

construction this function is C°° smooth at and on 5™+^ (2). □ 

Using Lemma 13.81 one can find a C°° function uji : £,{V) — > [0,1] with the 
properties: 

(«) ^1 \i{V\V)= ^' 

{ii) \\uJi |b,.+i(o,^) II < A-i; 

(m) wi(0) = and < uji{a) < 1 for 7^ a e £_{V). 
We then define a function a G C°°{il, [0, 1]) as follows: 



a{q) 

Then 



1, qen\v. 



\\a |b^,(p 1 ) lien = sup {Q:(a;)} < 

where we assume, without loss of generality, thatH^Hc-o < 1. We then define Y := 
aX and let ipt denote the flow induced by Y. Recall the function -f : M RU {00} 
in Lemma and observe that for any x g i?A/(/~^(a;o), i^)^ 

■y{x) 



ko+i = / V < a{(j)s{x)X{(l)s{x)),a{(l)s{x)X{(l)s{x)))) >ds, 

Jt(x) 

where t{x) > satisfies 4't(x){x) = 't'l-ii^^iix). Then 

ha+i ^ ha+i ^0 + i 



for any x G BM{f~^{xa), j^)- Thus, 

7 Ib..(/-{.o),^)> s{z^ + i)\\XW 
For any ergodic measure u f , 

i?(7) = / 7WdK^) > jr^l^^ABM{r\x,), -^)) > !£±^ ^ +CX), 
Ja/ o[iQ + i)\\X\\ iQ + i ||A|| 



as I — >■ +00. So, by Lemma 13.71 all ergodic measures of (l)aX are atomic, which 
implies h{(f>ax) = 0. In fact, 0q,x = has only one invariant measure dp^. 

Take another point pi G il\ c\{V). Choose a suitable smooth coordinate chart 
{U, of ft satisfying that 

(i) there is an open set U C c\{U) CU C c\{U) C 17 \ c\{V). 

{ii) C{pi) = 0, aU) = ^"^+^(0,4), C(f/) = i3™+i(0,8). 

(im) the flow "00 := C°'/'x°C^^ lc(t^) i^'^^'^^d by the following standard differential 
equation 

' xi = 1; 
±2 = 0; 

im+i = 0. 

We select a function rj : M'"+^ — > M satisfying 
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(1) 

77(2;) 



■(ES'^D* ^ e i?™+i(0,2), -1 < XI < 1, 



(ES'^f)* ^ e B™+i(0,2), xi > lorxi < -1; 



(2) ^ < ri{x) < 20, when 2 < ||x-|| < 4. 

(3) r]{x) = 1, when ||x|| > 4. 

Noticing that to + 1 > 5, it is easy to verify that is integrable with respect 
to Lebesgue measure on B™'^^{Q, 8). Define a function ai : 17 — ;> M as follows: 

fc^i 0^1(9) qeV; 

[1 q(z^\{U\JV). 

Then aiX induces a flow (f)aiX on 17. Denote 

Fo = {x e S"+i(0,4) I -1 < xi < 1, .T2 = • • • = x,„+i = 0}. 

Then all points contained in Fq are singularities of 4>aiX- In what follows, we 
will show that the integration of can guarantee the modifications in U don't 
contribute entropy of the consequent flows. 

Proposition 3.9. h{(j>a-^x) = 0. 

Proof. Given a flow </> on ft, for any Borel set B € .S(f2), p € 12 and t > 0, define 
Iit,p,cj,,B) = {0<s<t\(b{p,.s)eB}. 

and 

J{t,p, 0, B) = Leb(/(t,p, 0, B)) = / 

Jo 

where 

'1 xeS, 
.T G O \ B. 



Arbitrarily taking an open set f/o G \ (t^ U y), since has only one invariant 
probability measure Jpg, for any p G 17 \ ([/ U 1^) we have 

j.^^ J(^,p, (l)aX,Uo) ^ Q 

t-i>+oo t 

By definition of 77 one can obtain \\ri\\ < 20, which implies that 
J{t,p,(j)a^x,U) = I — 77—1 

-I ~ 

= ■^J(t,P,(t>aX,U)- 

Define X{t) — J{t,p, (j)aiX ,U) + J{t,p,(j)aX,i^ \ U). Noting that ai{q) = a{q) for 
q e 17 \ t/, we have 

J{X{t),p, (jja^X, Uo) = J{t,P, (t>aX-, Uq). 
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Therefore, 



< 



Moreover, 

^.^ Jft,p,(/.„x,^\t/) ^ ^ 



We deduce that 

1 



Km sup / XUo{(l>aix(j>,s))ds 

t-^+oc A(tj Jo 

^ J{t,P,(l)aX,Uo) 

< lim sup — 



,. jJ{t,P,(l)aX,Uo) 

= lim sup — — ^ — 

= 0. 

So, for any crgodic invariant measure v of (?5>qiX, supp(i') H f/o — 0- AH crgodic 
measures are supported on [/ U Besides, all ergodic measures in U are atomic. 
Thus /i(<?i„ix) 0. □ 



Step 2 Construction of a flow with positive entropy. 

We select a smooth function wi : K™+^ M satisfying 

(1) cDi(x) = ||x|p = ES'.^^when||x||<i; 

(2) i < iji(x) < 2, when \ < \\x\\ < 1; 

(3) Qiix) = 1, when ||a;|| > 1. 

We can see that is integrable with respect to Lebesgue measure on B™^^{0, 2) 
since m + 1 > 3. 

Define a new smooth function Si : f2 K as follows: 

'Qio^-\p) peV; 

ai{p) = { V ° CKp) P&U; 

1 pen\{uuv). 



Then 



Jn Mp) 



ai{p) 

As appoint before, denote by (j)SiX the flow induced by aiX. Recalling Herman's 
example, / preserves an ergodic measure ^ equivalent to the Riemannian volume. 
In Herman's construction, for any iV S N, also preserves the volume measure /i 
and is minimal. So for any i^i > we can take A'' large so that h^{f^) ~ Nh^{f) > 
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aiKi (Here we don't change the construction of the manifold fl). Without loss of 
generality, in what follows we assume hf^{f) > aii^i. 

Proposition 3.10. h{(j>s-^x) > Ki- 

Proof. First Lcmma [3.5l and Lemma [3.1l applv to give that hp,{(f)x) — hfj,(f) > aiKi. 
Define a new measure on as follows 

Jii{B) ^ I d'fli{x) ^ I ^ \ dp.{x) 



ai{x) 

for all B e B{il). By Lemma 13.51 is an invariant ergodic measure of (j)aiX and 

Jn ai(a;) 

Noting that fi is ergodic, by Theorem 13. II we have 

which gives rise to hp-^ {4>Six) > ^'^'^^^'^ > Ki. By the variational principle (see for 
example §8.2 of [IS]) we conclude that 

h{<PSix) > %i(03i.y) > Ki. 

□ 

Proposition 3.11. 4>aiX o-i^-d 4'aiX o-f^ equivalent. 

Proof. The identity map on takes orbits of one flow (f)aiX to orbits of the other 
4>aiX since the singular points poiPi mapped to themselves and elsewhere ai and 
Si are positive. The assumption that ai and Si are non-negative also implies 
preservation of time orientation and hence the equivalence of 4>a-iX and 4>SiX- D 

Step 3 Tear the segment Aq to be ball-like. 

We begin by choosing a smooth function 70 : M H> R as follows 

{0 X <~1; 

e-'^-i -1 < a; < 1; 
x>l. 

Clearly 70 (a;) is C°° smooth and has zero derivatives of all orders at —1 and 1. 
Then consider two families of C°° curves: 



Pais) = (s,a7o(s)) < a < 1; 
CT&(s) = 



l(s,7o(s)+6) 0<6<1; 
\ {s, (2 - 6)(7o(s) + 1) + 2(5 - 1)) 1 < 6 < 2, 

where —2 < s < 2. Direct computations give rise to the following expressions: 

dpaixi) 



(1,070(2^1)) 0<a<l, 
axi 

dabjxi) ^ < b < 1; 

dxi 1(1, (2-6)7^(xi)) 1<6<2. 
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Denote regions 

C/i = {(xi, za) I = Pa{xi), -2 < xi < 2, < a < 1}, 

^1 = {{X1,X2) I ^2 = fTfc(xi), -2 < < 2, < 6 < 1}, 
Wi = {{xi,X2) I X2 = cr6(xi), -2 < Xi < 2, 1 < 6 < 2}. 
Now we define a projection A : C/i U l^i U Wi — > C/i U Vi U Wi as follows 

A(a;) = (ail, 0) ii X = {xi,X2) ^ Pa] 
A{x) = {xi,b) ii X = {xi,X2) & (Jb- 

Obviously A is continuous. Moreover, 

A Pa ^ (-2,2) X {0}, A U,: at ^ (-2,2) x {b} 

are both onto C°° difFeomorphisms. For every 1 < fc < m, consider the standard 
embedding : M'^ given by 

Qk{xi,X2,--- ,Xk) = {xi,X2, - ■ ■ ,Xfc,0, • • • ,0). 

The projection tt/c is defined by 

'^k{xi,X2, - ■ ■ ,Xk,Xk+l,- ■ ■ ,Xm+i) = Xk- 

Let (po{y,t) := C ° 'Paix{C~^{y),t) for y E i3'"+^(0,8). Denote a restricted flow cf) 
on f/i U ^1 U Wi 

(t>{{xi,X2),t) := (tti o ipQ{g2{{xi,X2)),t),Tr2 o (/3o(£'2((a;i, 3^2)), i))- 

Now we define a flow ipi on J7i U Vi U Wi as follows 

^1 lp„=(A |pJ-io0o(A |,J. 

^1 U,= (A UJ-io0o(A UJ. 
Next, we calculate the expression of the vector field Z{x) associated with the flow 

Case 1: a; = {xi,X2) G Pa- 070(2^1) = X2, so a = ■ It follows that 

^^^j^Uo = d((AU)-i)|0o(AU)Uo 

= d((AU)-i)|0((xi,O),i)|t=o 

= (^?((xi,0),i) |t=o, "(a)7o(-^i)^^((a;i,0),0 |t=o) 
= ??(6'i(2:i))(l, a7o(a;i)); 
Case 2: X = (xi, 0:2) G for < 6 < 1. X2 = 7o(xi) + 6, so 6 = 2:2 — jo{xi). 

^^i^Uo = rf((AU)-i)|?o(AU)Uo 

= rf((AU)-i)|?((xi,6),t)|,=o 
= 77(£'2(a;i,X2 - 7o(a;i)))(l, 7o(xi)); 
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Case 3: a; = {xuX2) G CT6 for 1 < 6 < 2. X2 = (2 - 6)(7o(a;i) + 1) + 2(6-1). 
dipi{x,t) 



Hence, 



dt 



7j{g2{xi,b)){l, (2-6)7^(xi)) 

a;2-27o(a;i) 2-12 
viQ2[xi,— — — ))(1, p^7o(a^i))- 



v{Q2{xi,x2 - 7o(a;i)))(l, 7o(a^i))> ^ S Vi, 

v{92{xu^^^)){l,T^l'o{-,)), 



xeWi; 



U(^?2GTl,x2))(l,o) xeR^MUiU ViUWi). 

It is verified that Z{x) is with respect to x £ UiUVi. Furthermore, Z{x) - 
for all X ~ {xi,X2) (z Ui with —1 < xi < 1. 




Figure 2. Flows and (ySi on [/i U Vi U W"i 



In order to get a global flow on ft, we use the usual (m+l)-dimensional orthogonal 
group, denoted by 0{m), to rotate Z. For any A £ 0{m), define 



A 



1 
A 



Let Ui = 0{m)g2Ui, V\ = 0{m)Q2Vi, W\ = 0{m)Q2W\. Given x = {x\, - ■■ , Xm+i) 



AoQ2{xx, yES^ A) e -B™+i(0,4) for some A e 0{m), denote the vector field Z 
as the rotation of Z with the precise form 



Z{x) — \t = Ao Q2 (pi{{xi, 



m+1 



. xl),t)^d{Aog2)Z{{xi, 

\ i=2 



m+1 



\ 1=2 



Together with the construction of Z, it follows that 

frKgi(xO)( i,o,...,o ), (xi, vS5^) e C/i; 



Z(x) = I rK^.2(2:l, v/ETir ^1 - 7(^i)))(l, 7'(^i)^7^^, 



,7'(^i) 
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Then Z{x) is on UiU V\ and the corresponding flow 0^ is given by 

m+l 



■'■\ 



m+l 
i=2 



Now we define n : UiUViUWi ^ UiUViUWi as follows 
tt{x) = £'i(a;i), iix e Ao g2{pa) cUi; 
n{x) = Ao g2{{xi,b)), ifx e Ao g2{ab) cViUWi. 

Therefore, 

TT O (f)^ ~ ifQ OTT for X G f/l U Vl U M^l . 

(1) If p e C'HUi U ViUWi), define ? = o ^? o C, Vi = = °<Pz°^'^ 

(2) If p e 17 \ C-i(C/i U V^i U Wi), define ^ = id, = ^s^jf , ^i = K,x- 

Proposition 3.12. -01 and ijji are equivalent. Moreover, 

h{'4>i)>Ki, M^^i) = o. 

Proof. The equivalence of ipi and ^/^i are outputted by their constructions. It is left 
to estimate the entropies of '01 and ■01. Observing that 4>aiX is actually a factor of 
■01, that is, the following graph is commutative 

n n 

TTO 01 = 03iX OTT. 

So by Theorem 7.2 of gS] and Proposition [XTUl 

KiJi) > h{(f>s,x) > Ki. 

Next we will show that h{tpi) ~ 0. For every p E and < > 0, we need to 
estimate the proportion of its ^-time orbit in U. Consider two transversal sections 

Hi^{x^ixi,X2,--- ,xm+i) e B'"+i(0,4) \xi=3} 
H2 = {x^ ixi,X2, ■ ■ ■ ,x^+i) e B'"+i(0,4) I xi = -3}. 
Given x G Hi, denote by T{(j),x) the first time t > satisfying that (j){x,t) e H2. 
If (j){x, t) ^ H2 for all t > 0, we appoint r(0, a;) = 00. For x & Hi\{x \ uj{x) G Fq} 
we claim that (j)^{x,T((j)^,x)) = (po{x,T{ipo, x)). To see why this is so, one can use 
the fact that 

T{(j)^,x) = t{ipq,x) and tt o — ipQ o n. 
Exactly, i= = id for a; e \ (J/i U Vi U M?i). Thus 

0^(a;,r(0^,a;)) = 7T(j>2{x,T{(j>2,x)) 

= Vo{T^{x),T{ifo,Tr{x))) 
= Vo{x,t{(Po,x)). 
Recalling that for any open set Uq C fl\ {U U V), 

J{t,p,(j>aX,UQ) 

lim = 0, 

t— >+oo t 
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we know 

lim iMlllM^o, 

t^+oo t 

which implies that tpi has no invariant measures on fi \ {{po} U U). Therefore 

Step 4 Smoothness of the flows ipi and -01 . 
Define a C°° function vq : ^ R as follows 



□ 



Vo{xi,X2) 



otherwise, 



which induces a new C°° function : given by 

J^2 vo{xi, s)ds 



We can verify that vo satisfies 

(1) wo(2;i,a:2) = 0for 1x21 > 2, 

(2) voixi,X2) = 1 for 1x21 < 70(2^1) and, 

(3) aSij U-2= aSfe U2=7o(.0= for ^,j > and ^+J> 1. 
Using the function vq, wc can define C°° vector field Zi for {xi,X2) G VFi: 

Zi(x) = {r]{xi,X2 -^'o(2:i,a;2)7o(a:i))(l,wo(2:i,a;2)7o(xi)). 

Let ^i(x) = Z{x) for x € t/i U Vi. Once more, we rotate Zi by 0(m) to obtain a 
vector field Zi_on UiUViUWi. Then is C'^jDn M^i. Moreover, = Z 

is on C/i U Vi. Consequently, Zi is on j/i U U W^i . 

Let '02 = "02 = C^"'" ° ° Ci when p E U; V'2 = V'lj V'2 = V'l? when p E il\U. 

Proposition 3.13. 02 cind ip2 are equivalent. In addition h{il}2) = and there is 
a constant Ci > independent of Ki such that 

h{^2)>CiKi. 

Proof. Noting the fact 



Tri{Zi{xi,X2, ■ ■ ■ ,Xm+i)) = -TTi{Zi{-Xi,X2, ' ' ' ,Xrn+l)) 
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for 2 < z < m + 1 , we deduce 

7r,(0^^(a;,r(x,</)^J)) 







7r,{Zi{(l)^^{x, s)))ds 



7r,(Zi((/)g^ (x, s)))(is + ) 7r,(Zi(0^^ (x,s)))c;s 



'■02) t(^-'^2) 

2 — _ r — 2 — _ 

TTi{Zi{(l)^^{x,s)))ds ~ / 7rj(Zi((^^^(x,s)))ds 



for 2 < i < m + 1, X e ffi \ {p € f7 I € Fq}. Define ?Fi : B"+i(0,8) ^ 

B'"+i(0,8) as follows 

= (7ri((?:)^^(a::,i)), X2, • • • , a;„+i), y = (l)^^{x,t), x e Hi, <t < T{(p2,x); 

T^i{y) ~ Ui otherwise. 

And furtlicr define tti : 17 — !■ by 

C^o^ioC, ifpe c7; ^ 
id, if p e \ 



71-1 



Then ■Tp2 and V'2 are equivalent given by tti. 

Observing that there is no singularity in Wi, we can choose < Ci < 1, C2 > 1 
such that 

Ci < ^^^^^ < C2 for xeHi\{p\ io{p) G Ao}. 

By Proposition l3.12l and the variational principle, there exists an ergodic measure 
111 of ipi such that 

/ipi(V'i) > Ki. 

Obviously, 

supp(Mi)nC-'(c/i)-0. 

Let vi = fii \ C~^{Hi). Given a flow (p on ft, for any p e (~^Hi, denote by 
T{(j),p) > the first time of p returning C.~^{Hi), and let the return map 

i?(0,p) = 0(p,T(<^,p))eri(i/i). 

By Abarmov Theorem [3], 



V(V'i) > Ki 



For t > large, define two sequences F^, F- of sub-orbit of {(/ii(p, s) | < s < 
as follows. We begin with p. Let F^ be the sequence of minimal intervals whose left 
endpoint lies in (~^{Hi) and right endpoint lies in ^"^(772). Let F^ be the sequence 
of minimal intervals whose left endpoint lies in C,~^{H2) and right endpoint lies in 
C\Hi). 

For each interval F, let IFI denote the time of sub-orbit F. 
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Since ip2 = ipi for p ^ U, we have 



- Er.(V'i) + ErKV'i) 
< C2, 

and on the other hand, 

EU^2) + Eni^2) ^ giEr.(V^2) + Er.KV-2) ^ 
Er.(V'i) + Er^(^i) - Er,(^i) + ErK^i) " 

So, 

Ci<^!j^<C2 for peCHH^)\{pen\uj{p)eFo}. 
We can define a measure ^2 by 

Jc-HHi) Jo 

Usmg Lemma 13.51 fi2 is an ergodic invariant measure ofip2- Furthermore, i?('i/'i) — 
i?(-02) together with Abarmov Theorem [3] yields that 

ht,^{ip2) - 



Therefore 



/c-i(Hi)^(^2,p)dl^l 

> CiKi. 

hi^2) > K,i^P2) > CiKi. 



FinaUy, since ah invariant measures of ip2 are supported on singularities so 

/l(V^2) =0. □ 

Step 5 Embed the two dimensional flows (j)z-^ and (j)z2 into 51. 

At most taking a scallion of the coordinate {U, (), we assume that _B™+^(0, 3) C 
C(Ui). In this subsection, all modifications will be completed in i?™+^(0, 3). Denote 

m+l 



Di = {x e R"+^ I 2:? + a;^ < 1 and ^ a;^ = 0}, 

i=3 

?n+l 

D2 = {x G R'"+' I ^ a;,? < 2}. 



i=l 
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We first choose C°° smooth functions <r, zi, Z2, /32(a;) : Ui — > M such that 

'=0 xeDi, 
<^(x)<(>0 xeD2\Di, 
= xeUi\D2; 

—X2 + a{xl + X2)xi X £ Di, 

xeUi\ D2; 

-xi + a{xl + xl)x2 X e Di, 
xeUi\D2; 

X e Di, 
Mx)>0 xeD2\Di 

1 xeUi\D2] 

{I32{x) X e £>!, 

P2{x)>0 xeD2\Di 
= 1 xeUi\D2. 

Let 

Zi{x) = l3i{x){zi{x),Z2{x),q{x),- ■ ■ ,(,{x)), 

Z2{x) = fi2{x){zi{x),Z2{x),i,{x),- ■ ■ ,i,{x)). 

Noting that <;(x) > for x e D2 \ Di, wc know that there is no nonwandering 
points in D2 \ Di for both and . Hence, aU invariant measures on D2 are 

supported on periodic orbits in Di, which implies no entropy production in J7i. 
Define 



^i(l') 



X2{V) 



^^%^h=o p^n\c-\u,). 

Then C° 4'xi ° l-Di— 't'Zi , C ° ^jfj ° l-Di— By Theorem Rl it holds that 
EP{(b^^)=^ and i;P(0jfJ =0. 

Finally, let ip = cj)^^, -0 = and take A'lCi > K. We conclude that 

£'P(-0) = and i;P(?/?) = 00, 

h{^p) > K and h{ij) = 0. 



ENTROPY AND PERIODIC ORBITS 



21 



4. Final Remarks 

While our results give a very complete answer to the degeneration of the growth 
of periodic orbits for two-dimensional equivalent flows in the category of C°° some 
interesting problems remain, that we pose here 

Question 4.1. Is it possible to construct an analytic vector field or analytic map 
with EP = oo? Our method of proof clearly cannot be made analytic since ao is 
flat at 0. Noting that for any fc-order polynomial map Pk on M', any n periodic 
point X of Pk satisfies 

P,"(x)-x = 0. 

By the Bezout theorem the number of isolated solutions is at most A:"', which 
implies 

EP{Pk) < limsup - log(fc"') = Z log fc < oo. 
This fact make us tend to consider the answer to be negative. 

Question 4.2. Is the extreme EP = or EP = oo or the sign of EP with finite 
value preserved by orbit equivalent analytic flows? The flows ip and ip are not 
analytic since uJi and cDi are flat at pq. 

Question 4.3. Is the extreme EP = or EP = oo or the sign of EP with finite 
value preserved by equivalent differential flows with only hyperbolic orbits? Recall 
that a periodic orbit {(j){x,t) | < t < T} of period T is called hyperbolic if the 
linearization D(j){- , T) at x has no eigenvalue in the unity circle except the flow 
direction. 

We also have questions concerning entropy h and its relation to EP in smooth 
regularity. 

Question 4.4. Is the value zero or the sign of entropy preserved by equivalent 
analytic flows? 

Furthermore 

Question 4.5. Are there two equivalent C°° or even analytic flows, one of which has 
positive topological entropy and zero exponential growth rate of periodic orbits, in 
contrast, the other has zero topological entropy and super-exponential growth of 
periodic orbits? In our constructions, r] is only and can't be improved due to 
the appearance of square root when we use rotations of vector fields on UiUVi. 

Question 4.6. Besides entropy and the exponential growth of periodic orbits, are 
there other objects invariant or decreasing for equivalent fiows? Actually physical 
measures |37j and Lyapunov exponents jl9j could decrease for equivalent fiows. 
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